For dynamical systems possessing invariant subspaces one can have a robust homoclinic cycle to a chaotic set. If such a cycle is stable, it manifests itself as long periods of quiescent chaotic behaviour interrupted by sudden transient`bursts'. The time between the transients increases as the trajectory approaches the cycle. This behaviour for a cycle connecting symmetrically related chaotic sets has been called`cycling chaos' by Dellnitz et al. (1995).
Introduction
Nonlinear dynamical systems with symmetry display a variety of exceptional behaviours due to the presence of subspaces forced to be dynamically invariant by the symmetry. In particular, homoclinic or heteroclinic cycles may be robust; these cycles provide interesting examples of non-ergodic attractors, cf. examples in 27, 29, 28, 14] . Since the lengths of quiescent periods behave like a geometric progression, ergodic averages of attracted trajectories do not converge but continue to oscillate ad in nitum. In principle, heteroclinic cycles between any type of invariant set can occur, the case of equilibria being the best understood. As a trajectory progresses around the cycle it could pass near di erent invariant sets giving rise to a variety of di erent types of near-stationary dynamics.
What is surprising is that such cycles can arise in a robust way in several contexts, notably in systems with invariant subspaces. The existence and robustness of such cycles has been discussed in several recent papers, notably Melbourne et al. 18] and Dellnitz et al. 11] . Such behaviour has also been observed in a truncated model of Magnetoconvection (Rucklidge 26] ). Although the reason why such cycles exist persistently in systems with symmetries is reasonably well understood, the actual dynamics and bifurcations are not. It is also possible for equilibria to be robustly connected by continua of connections 18, 8] .
This paper examines the case of a homoclinic cycle to a chaotic set. Using normal Lyapunov exponents for chaotic sets in invariant subspaces and a skew product assumption we characterise the robustness and attractivity of the cycle. If there is a natural ergodic invariant measure for the chaotic set then this determines whether the set is attracting or not. However, the cycle may have a (locally) riddled basin; namely it can be attracting for a large measure nearby set, yet (locally) repel an open dense set.
At bifurcation from attracting to repelling cycles, there is a resonance 1 = ? 2 between normal Lyapunov exponents, and an unfolding of this will give rise to bifurcation of other attractors or repellors from the cycle. In the case of cycles between equilibria, these have the form of periodic solutions 9] . In the case we examine there is numerical evidence that they are chaotic attractors with have a well-de ned mean time of lingering in a given neighbourhood of the invariant set. This time approaches in nity on nearing the bifurcation.
Section 2 gives some background, de nitions and notation. A setting is presented where homoclinic cycles to chaotic sets occur in a robust way. Possible de nitions of an attractor are also discussed along with their ergodic properties. Section 3 classi es the dynamics near cycles subject to an assumption of skew product structure of the ow near the cycle. By reference to a`footprint' of Lyapunov exponents we give su cient conditions that the cycle is asymptotically stable, a (Milnor) attractor or a chaotic saddle. We give su cient conditions for local riddling of the basin of attraction of the cycle. We also investigate bifurcations that occur at resonance of such a cycle.
Using the theory from Section 3 we investigate in Section 4 an example vector eld with Z 3 2 _ +Z 3 symmetry in R 6 (A _ +B is a semi-direct product of groups A and B). The vector eld has a skew-product structure, i.e. it consists of a chaotic system (a R ossler attractor) parametrically forcing a robust homoclinic cycle. In section 5 we discuss the results in the context of the`cycling chaos' of Dellnitz et al. 11] and the some of the assumptions made in Section 3.
Setting and de nitions
The setting is similar to that in 6] with the di erence that we consider ows rather than mappings. Let M be a smooth m-manifold (we will work on a compact subset) with a Riemannian measure`M(:). We denote the tangent space to a manifold N at x 2 N by T x N. We assume the existence of smoothly embedded connected submanifolds N and P (of dimensions n and p respectively) such that m > n > p > 0 and such that the following conditions are satis ed:
1. P @N, i.e. P is on the boundary of N.
2. For each x 2 P there is a neighbourhood U in N such that U \ N has (at least) two components, say N 1 and N 2 .
3 3. For x 2 P there exist T 1 (x) and T 2 (x) such that T x N i = T i T x P (i = 1; 2) and T x M = T 1 T 2 T x P: (1) i.e. there is a splitting of T x M. We assume that T i (x) are smooth in x 2 P and that the closures of the N i are also n-manifolds. Figure 1 shows schematically the organisation of these invariant subspaces. We exclude the possibility that there are directions transverse to T x N 1 T x N 2 although this is primarily to simplify the setting.
If this does not hold and even if there are unstable transverse directions, the results may still be valid (cf. the situation for heteroclinic cycles 19]). The conditions 1-3 ensure that ows respecting N and P can robustly have cycles in N between invariant sets contained in P. Condition 3 implies that the strati cation (N; P) is Whitney regular 12], but is a much stronger requirement. We shall consider ows on M generated by smooth (C 1 ) vector elds that leave N and P invariant. 
Generic sets for measures
The measures we consider are all Borel measures, and all invariant measures we consider are probability measures; i.e. normalised to (M) = 1. De ne M(A) = f -invariant probability measures with supp( ) Ag and the subset of ergodic invariant measures Erg(A). We say a compact invariant set A is chaotic if Erg(A) is not a nite set. For any 2 Erg(A) we de ne G + the forward and G ? the backward generic set thus:
The sets G are easily seen to be invariant under the ow ( ; t) for t 2 R. Birkho 's ergodic theorem implies that (G ( )) = (G ? ( )) = 1; however, these generic sets may be much larger than a set of full -measure (though they may be very small in a topological sense; see Sigmund 28] The normal Lyapunov exponents correspond to the Lyapunov exponents of the matrix skew product ows i (i = 1; 2) and accordingly can be split into two groups These imply that for all > 0 with i > there exist T such that
for all t > T. Moreover, for a given 2 Erg(A) and setting i ( ) = max( i ( ))
there is a full measure set of (v i ; p 0 ) (in the product of Lebesgue measure with ) and a measurable T(v i ; p 0 ) > 0 such that in this subset
for all t T. (NB i ( ) determines the growth of -almost all trajectories as t ! ?1.)
Modi cation to nonlinear cocycle ows We can rewrite the nonlinear ODE 
where the estimates O(jv 1 j; jv 2 j) are uniform in u. By restricting to a neighbourhood with max(jv 1 j; jv 2 j) small enough that kA 1 k < =2 we can obtain the same bounds as in (7) on replacing 1 by the rst component of the nonlinear cocyle (v 1 ; v 2 ; p; t). 8 The footprint of Lyapunov exponents In the following section, we see that the stability and bifurcation of structurally stable cycles between chaotic sets in this setup depends in a fundamental way on the footprint of A de ned as the subset of the plane:
If there is a natural measure n we de ne s n = ( n 1 ; n 2 ) = ( 1 ( n )); 2 ( n ))):
Note that ( n 1 ; n 2 ) 2 S(A). By 6, Thm. 3.5], if A is Axiom-A then it is possible to show that in a certain sense, it is generically contained in the interior of the convex hull of S(A).
Rates of approach and slowing down Suppose that C(A) A is a homoclinic cycle to a chaotic invariant set and is a local section that is transverse to the ow and to W s (A). We x on a particular trajectory that is assumed to intersect in nitely often. Let m k = (t k ) 2 be the kth crossing of and
De nition 2.8 The rate of approach is de ned to be
The rate of slowing down is de ned to be r(k) = t k+1 ? t k t k ? t k?1
:
The asymptotic rate of approach is de ned to be R = lim k!1 R(k) (if the limit exists). The asymptotic rate of slowing down r is de ned similarly.
If A is an equilibrium and C(A) an asymptotically stable homoclinic connection then R(k) and r(k) will converge to the same constant; namely the ratio of the two leading eigenvalues.
Robustness
The fact that C(A) can be robust to perturbations preserving the invariance of N and P is demonstrated by the following proposition. This result is not optimal, in particular it is probably possible to weaken assumption (3) to max 1 < 0 < min 2 .
Proposition 2.1 Suppose for the ow of _ x = f(x) 1. There is a clean homoclinic connection C(A) N. 9 2. The set A is an attractor for the restriction to P, upper semi-continuous in X(P) (this follows e.g. if A is asymptotically stable for the ow restricted to P). 3 . There is a compact neighbourhood W of A in P such that k exp(a 1 (0; 0; p 0 ))k < 1 < k exp(?a 2 (0; 0; p 0 ))k ?1 for all p 0 2 W, i.e. local uniform contraction in N 1 and local uniform expansion in N 2 . Then there is a neighbourhood of f inX(M) with homoclinic cycles to invariant sets in P.
Proof :
The upper-semicontinuity of A implies that given any neighbourhood B (in P) of A, there is a neighbourhood F of f possessing attractors A 0 contained in B. Moreover, because k 1 (p 0 ; t)k < exp(t ) for some < 0 condition (3) implies that for all p 0 in a neighbourhood of A and all t > 0 we have
This is a robust property, i.e. it holds in a neighbourhood F of f inX(M). The assumption that C(A) is clean means we can nd a smooth section to the ow which we can transport forwards and backwards to give sections to the ow i transverse to N i such that 2 \ W u (A) is non-empty. A neighbourhood of 2 \ W u (A) is transported to 1 robustly, and the local contraction and expansion imply there will be clean homoclinic connections C(A 0 ) in all nearby systems (of course, A may collapse to a periodic orbit A 0 on perturbation). 2 3 Classi cation of cycles homoclinic to chaotic sets
In this section we classify the dynamics near a homoclinic cycle to a chaotic set by reference to its footprint (9) . This classi cation just relies on there being a robust connection in N and some properties of the linearisation of the ow near A. We partition the plane into the union of six regions, i.e. We also de ne the union of the 1 and 2 axes:
This partition is shown in Figure 2 . The relation of the set S(A) and s n to this partition determines the dynamics of the system. Firstly, we classify cases with asymptotic stability. We denote the bounding rectangle S(A) ( Field 13] . Note that this condition is dependent on the metric and so is not invariant under conjugacy.
On varying a parameter that preserves the dynamics on P one typically goes through a region where none of the cases in Theorem 3.1 will hold. This is because typically ( n 1 ; n 2 ) is in the interior of S(A). We now consider what may happen in this region.
Measurable stability
Even if A is a chaotic saddle it may or may not be contained within another attractor (see e.g. 5] ). We rst demonstrate that the natural measure dominates behaviour within a neighbourhood of the cycle. Proof : Trivially, G + ( n ) G + ( n ) \ P and so ?1 (G + ( n )) ?1 (G + ( n ) \ P): Moreover by assumption, G + ( n ) \ P has full`P -measure in some neighbourhood of A and it follows that ?1 (G + ( n )) has full`M-measure in a neighbourhood of ?1 (A). Note that because A is assumed to be asymptotically stable for the ow restricted to P, so by the skew-product structure we have (W u (A)) A. Thus C(A) W u (A) ?1 (A) and so C(A) ?1 (A); this implies the result.
2
From here on we consider only trajectories within this full-measure set in some neighbourhood of C(A); these have projections onto P that are generic for n . We say a set A has asymptotically full measure near S if The proof of this result gives a prediction about the mean rates of approach and slowing down in the case that C(A) is an attractor: Proof : By the above argument, for all > 0 there is a full`M-measure set W s (C(A); n ) in W s (C(A)) whose trajectories satisfy jR ? R k j < for all large enough k. 2
Proof :
(of Theorem 3.2) This is a collection of Lemmas 3.4 and 3.5, after possible re-ordering of N 1 and N 2 to interchange ( 1 ; 2 ). 2 Remark 3.2 The results in this section can be re-interpreted as properties of random dynamical systems 2] because of the assumption of the skew-product structure.
Remark 3.3 An important assumption is that Box(S(A))\V is empty. If this does
not hold, the local dynamics may be much more complicated due to the existence of 2 Erg(A) that are repelling (resp. attracting) in the direction that the natural measure is attracting (resp. repelling). In particular, this will cause the homoclinic orbit to become dirty since it will not be possible to get sections to the ow arbitrarily close to A.
Local riddling of the basins of attraction
In the case of s n 2 U 4 but Box(S(A)) intersecting U 2 one can get local riddling or even riddling of the stable set for C(A). 
Resonance of homoclinic cycle between chaotic sets
Chow, Deng and Fiedler 9] have studied the problem of unfolding a homoclinic orbit to a xed point whose real leading eigenvalues have a resonance, i.e. the eigenvalues are of equal magnitude and opposite sign. They observe the creation of a branch of large period orbits in the unfolding. What we observe is a very similar phenomenon, but with chaotic attractors created at the bifurcation of the cycle. The scenario we investigate has skew product structure, essentially to simplify the proofs, but we expect the same or similar results if we break the skew product to something in a more general position.
Using results of 9] we can get the following behaviour of xed point measures in A at resonance. If we assume that N is orientable (if N is not orientable we get homoclinic doubling) then resonances of xed point measures supported in A will bifurcate to periodic orbits whose period goes to in nity at the resonance (and whose invariant measures converge weakly to that of the xed point).
Periodic orbits in P will similarly undergo resonances and lose transverse stability and bifurcate to invariant sets not within N; presumably these will be quasiperiodic in general. However, even in the skew product case it seems that the bifurcated sets may have complex dynamical behaviour.
We exhibit an example in the following section where one can see a dramatic change in qualitative behaviour as a`normal parameter' (see 6]) passes through a point 0 where s n is on the boundary of U 4 and U 2 . For < 0 we observe an attracting (but not asymptotically stable) cycle. This is observed to bifurcate to an attractor for > 0 that is approximately periodic and whose mean period goes to in nity as ! 0 .
We conjecture that close enough to such a`homoclinic blowout' bifurcation (cf 22]) there will be a family of attractors D that are`stuck on' to N, i.e. their closures will contain C(A) 5] . Even though the mean period is well de ned and nite there may be arbitrarily long quiescent periods. At resonance, the spectra of the ergodic invariant measures supported on the cycle do not lose hyperbolicity; no Lyapunov exponents pass through zero.
Resonance and bifurcation
The results of Theorem 3.2 predict that at a resonance of the natural measure n on A 1 ( n ) = ? 2 ( n ) there is a change in qualitative behaviour. Near this resonance we have families of invariant sets that bifurcate from the cycle.
The scenario we get for a normal parameter is as follows: the set S(A) moves across from U 4 to U 2 , creating families of (unstable) invariant sets at each resonance of a periodic or xed point measure. We conjecture that the resonance of n has one of two forms which are analogous to the`hysteretic' and`non-hysteretic' scenarios of a blowout bifurcation proposed by Ott and Sommerer 22] . These are:
Hard resonance:`M(W s (C(A))) ! 0 at the resonance. In this case, once the cycle has lost stability, there are no nearby attractors in the sense of natural measures that converge to n . This is preceded with riddling of W s (C(A)) by the basin of other attractors.
Soft resonance:`M(W s (C(A))) 6 ! 0 at resonance. There is a family of attractors 18 whose natural measures converge to n as we approach the resonance. The support of the measures converges to something much bigger than C(A). It may be possible to determine the nature of these resonance by looking at the essential basins of attraction of A, as seems to be possible for the blowout bifurcation 7]. 4 An example of a homoclinic cycle to a chaotic set
We consider a modi cation of a model of Guckenheimer and Holmes 15]. Since we are not considering local problems such as bifurcation from an equilibrium, there is no a priori need to look at low-order polynomial vector elds. Moreover, the model of Guckenheimer and Holmes, being a third order truncation, has degenerate behaviour when the cycle loses stability (this was noted in 15]). The system has added fth order terms that to break this degeneracy. It also has skew-product structure to admit a thorough analysis. Although it is an arbitrary model, it is one of the simplest models that can show robust homoclinic cycles to chaotic sets. In particular, because of the splitting (1) it is not possible to nd such cycles in systems with dimension less than ve.
Consider the function F : R 3 R 3 ! R 3 de ned by 1. There are xed points forced by symmetry at x 0 = (1; 0; 0) and the group orbit of this point. They have eigenvalues of linearisation 1 = b and 2 = c tangential to the sphere. These six xed points are joined by a network of ow-invariant lines corresponding to the intersections of U with the coordinate axes.
2. If bc < 0 there is a robust homoclinic cycle connecting the group orbit of x 0 .
If additionally 0 < (?b=c) sgn(c) < 1 this cycle is attracting.
3. The case of resonance of the homoclinic cycle is given by bc < 0, jb=cj = 1.
There is a periodic orbit branching from the cycle in this case. 4. There are xed points forced by symmetry at y 0 = ( ; ; ) where 2 
and x d to be constant.
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The symmetries of the system cause the following subsets of the phase space to be ow-invariant: P 1 = f(x 1 ; 0; 0) R 3 g P 2 = f(0; x 2 ; 0) R 3 g P 3 = f(0; 0; x 3 ) R 3 g N 12 = f(x 1 ; x 2 ; 0) R 3 g N 23 = f(0; x 2 ; x 3 ) R 3 g N 13 = f(x 1 ; 0; x 3 ) R 3 g The P i are homeomorphic to R 4 while the N ij are homeomorphic to R 5 . Lemma 4.1 For a < 0 there exist chaotic invariant sets A i in P i (i = 1; 2; 3) given by A 1 = f(1; 0; 0) Zg: etc.
We de ne the connections between A i and A j to be C ij = fx : !(x) A i and (x) A j ; i 6 = jg:
and the cycle is given by C = i;j C ij if it is connected.
By reducing the above system to the orbit space of the group action, one can see the above system in the context of Section 3. In particular, because the system commutes with the action of the group ? it reduces to an ODE on the orbit space R 6 =? i.e. where all points on the same ?-orbit are identi ed. Equivariance means that the ow on the orbit space is well-de ned. In this example, all the P i are identi ed, and all the N ij are identi ed; the P i can be seen as P and the N ij as N in Figure 1 . However, it is equivalent (and easier) to do the computations in the neighbourhoods of a speci c P i .
Normal Lyapunov Spectrum We calculate the spectrum of normal Lyapunov exponents of A 1 transverse to P 1 . Note that the invariant subspaces and the skew product structure mean we can write the Jacobian of the ow a point x = (1; 0; 0; y 1 ; y 2 ; y 3 ) 2 P 1 in block diagonal form, where E(y) is a 3 3 matrix. We assume there exists a natural measure n and consider s n = ( 1 ( n ); 2 ( n )):
Typically, Box(S) will be non-empty and s n in its interior. The simple functional form of b and c assumed in (18) means that we only need to compute one set of averages as follows:
and then Table 1 .
These simulations indicate in agreement with Theorem 3.2, that the cycle is attracting for c 0 = 0:05 and repelling in the other two cases. This can be seen from Figure 6 , which shows the`slowing down' for c 0 = 0:05 by plotting the time interval between successive`proper' crossings of the plane x 1 = 0:5 (i.e. crossings corresponding to one return near the xed point). The average ratio of successive periods can be seen to be approximately 1:61 = (? 1 = 2 ) 3 , agreeing with the expected slowing down for three approaches to the chaotic saddle. The other cases settle down to a well-de ned average period. The resonance occurs at c 0 = 0:068655. From the simulations at these parameter values, it appears that the resonance is supercritical, giving rise to a chaotic attractor bifurcating from the cycle.
The example presented above shows a soft resonance as de ned in Section 3.5. On changing the sign of the constant d one would expect to see a hard resonance. Before the cycle C has resonance of n we expect to see a locally riddled basin of attraction and by Corollary 3.3, the asymptotic rate of slowing down (if we assume 1 < 0 < 2 ) would be given by r = ?
As we pass through the resonance, the ratios r and R tend to one. Note that although when r > 1 we have deviations from r, for a full measure subset of W s (C(A)) we expect these deviations will die away as we approach the cycle due to the convergence of the ergodic averages.
Discussion
Some of the above analysis carries through for semi-ows from evolution equations; in particular the su cient conditions for being an attractor. The results and conjectures in this paper are consistent with a result of Arnold and Xu Kedai 3] . They prove that a necessary condition for bifurcation of a locally supported invariant measure from a randomly forced xed point is that a normal Lyapunov exponent passes through zero. We observe that there can be bifurcation of invariant measures (that are however not locally supported) without a Lyapunov exponent passing through zero. Dellnitz et al. 11] have described a type of dynamical behaviour that is robust in systems with wreath-product symmetries (including the Z 3 2 _ +Z 3 symmetry used in 15] and here). Field 13] has also discussed su cient conditions for existence of such`cycling chaos'. We discuss their results in the light of Section 3.
Cycling chaos
One of the examples they consider is a system of three coupled identical Chua's circuits with cubic nonlinearity; an ODE on R 
Removing the skew product assumption
If we examine robust cycles to chaotic sets that arise from chaotic forcing of robust cycles to equilibria, the setting of a skew product is appropriate (see example in Section 4). However, one can expect to see these cycles without any forcing or skew product structure. In particular, they should exist robustly in systems with symmetries where the group acts as a high dimensional representation. For example, the author can see no a priori reason why they should not occur in reaction-di usion systems on the line with periodic boundary conditions (though they would have to occur away from primary bifurcations). For the problem of`riddled basins', Alexander et al. 1] have obtained a general condition for the existence of a positive measure basin of attraction without requiring a skew-product assumption. They use Pesin theory 24, 23] to construct an absolutely continuous stable foliation of the attractor W s (A; n ) and prove that this has positive measure. The appropriate way to generalise this construction to cycles to chaotic sets is not clear (although note Remark 3.1).
Dirty homoclinic cycles
There are two ways a homoclinic cycle can be dirty. One way is if C(A) 6 W u (A) in which case there are orbits that directly leave a neighbourhood of A never to return. More subtly, there could be no section to the ow. If there are invariant measures supported on the closure of the C(A) other than A itself, this will obstruct the existence of such a section and there are presumably many more dynamical possibilities. If some invariant measures are transversely attracting and others are transversely repelling, this may lead to nearby invariant sets that need to be included in the analysis before any understanding of the dynamics is possible.
Other remarks
It would inappropriate to nish without mentioning the e ects of random perturbations and imperfections that break the invariance of P and N. These are very important for understanding potential applications. In particular, one expects that homoclinic orbits will be destroyed and the subtle e ects of basin riddling will be lost. However, what may remain will be e ects such as long chaotic transients 17, 30] .
There will presumably be many new e ects if one were to consider robust heteroclinic cycles where the cycle passes near several di erent invariant sets. Figure 1 : Two subspaces N and P (P N) are assumed to be invariant under a ow on the phase space M. A chaotic attractor exists for the ow restricted to P, and robust homoclinic connections may exist contained within N. Note that necessary conditions for this are that 3 dim P, and also that N is not a manifold; it is singular at P. T 1 and T 2 represent the two distinct tangent spaces of N at P. settles down to that expected for three approaches to the chaotic saddle while the others converge to an average of 1:0 (implying approximate periodicity).
